AdS/CFT Homework 5 Due 1 Dec 2015

This homework is due in the class meeting on the due date You may consult with each other but
must write up your solutions on your own; use of on-line solutions is not allowed. Contact me if
you would like office hours to discuss these problems.

1. Gauge Group for D-branes at Orbifolds

This will try to guide you through how we know what the gauge group is on a stack of D-branes,
including the case with an orbifold.

(a) Consider a case with N D-branes labeled by ¢ = 1,--- N. If we ignore the state of the
string oscillators, the state of an open string is specified by which D-brane each end of
the string attaches to. For example, the state |i, j) is for a string that starts at D-brane
i and ends on D-brane j (where “start” and “end” refer to the value of the worldsheet
spatial coordinate). It is more convenient, however, to use a basis |\) = A;;|i, j) for N x N
matrices A\. These matrices are called Chan-Paton factors (or CP factors for short).

i. Assuming the inner product (i’,j'|i,j) = 0;,0; s, what is the inner product (\|\)?
(Remember that the adjoint includes a complex conjugate.)

Solution: Starting from the given inner product on the state kets (with Einstein
summation convention), we have

(NIA) = Nijdi (7 518, 5) = NAgg = Tr(VTA)
after noting that we get matrix multiplication if we transpose the A"* factor.

ii. Suppose we make a change of basis A\ — UAU~!'. Show that your inner product is
compatible with U € U(N).

Solution: After this change of basis, the inner product is Tr (U~ NTUTUAUY),
which is clearly the same as the original product precisely when UTU = 1, or when
U € U(N) is unitary. Note that the U~! factors then cancel if we use the cyclic
property of the trace.

Assuming that the D-branes are all stacked at the same position (and are the same di-
mensionality, etc), states with a single string oscillator excitation parallel to the branes
are massless gauge bosons that therefore obey a U(N) gauge symmetry. The gauge boson
states must have CP matrices that are even under the orbifold reflection since the oscillator
state is even.

(b) Now consider a case with N D-branes near a Zy orbifold fixed plane (of the same dimen-
sionality of the branes) plus their N image branes. In this case, the indices on the CP
factor matrices run over ¢ = 1,---2N, and strings with one oscillator excitation parallel
to the branes are still gauge bosons.

i. Argue that the action of the orbifold reflection on the CP factors can be represented
by A — *yR/\’y;zl with 7]2% =1.

Solution: The orbifold reflection shuffles the branes with each other, so it is a
change of basis for the vector space that the CP matrices A act upon. Therefore, it
transforms A — VR)\Vﬁl, as in the previous part of the question. Next, the reflection
is Zy (for example, £ — —Z in the directions perpendicular to the branes), which



means that two reflections must give the identity transformation. That is, we should
have 712{)\7152 = A, which occurs when 712% =1

ii. Suppose we split the CP indices ¢ into the “brane indices” a = 1,--- N and “image
brane” indices @ = 1,---N. Then |a,b) and |a,b) states are strings stretching just
between branes or image branes, while |a,b) and |a,b) strings stretch from branes to
image branes and vice versa. If the branes are away from the orbifold fixed point, the
latter types of states are massive and cannot contribute to the gauge group. Argue
that the reflection matrix and even CP matrices for the massless strings (in this basis)
are given by the block-diagonal form

| O 1y \— N Oy
Here, 15 is the N-dimensional identity, etc. Then argue that the change of basis
UXU~! that preserves the CP matrix form is the block diagonal U = diag(U’,U’),

where U’ € U(N) C U(2N). This shows that, despite the “extra” image branes, the
gauge group is the same as without the orbifold in this case.

Solution: With this organization/basis for the state kets, we schematically have
elements of A associated with the kets in the following N x N blocks:

a0 ed ]

As a result, the two off-diagonal blocks must vanish for massless strings when the
branes are not sitting on the fixed point. Furthermore, reflection should take CP
factors a <+ a, which should swap the first IV rows with the last N rows and also swaps
the first V columns with the last N columns (without changing order in the groups of
N). Since swapping rows is an elementary operation described by left-multiplication
with an elementary matrix, we need to left-multiply by the elementary matrix g
given. Furthermore, in the orbifold, we should keep only states that are invariant
under the reflection, so we require A\ = ygrAygr. If we set the off-diagonal blocks to
zero, this is

A0 | | On 1y A0 On In | | A O

0 X | | 1xy On 0 A In On | | 0 XN |7
so A1 = Xo. This is precisely the form we expect. The suggested change of basis
U = diag(U’,U’) clearly maintains this form. It’s also clear that off-diagonal blocks

in U will shuffle the blocks of A (and g, as discussed in class) in a way we don’t
want.

(c) Now suppose that the branes are sitting on top of the orbifold fixed plane, so all the
gauge boson states are massless. In this case, it is convenient to work in a basis for the CP
matrices such that v = diag(1y, —1x) is block diagonal. Find the form of the allowed CP
matrices in this basis and argue that the change of basis matrix that preserves this form is
the block diagonal U = diag(Uy,Us) € U(2N) for Uy, Us distinct U(N) transformations.
Therefore, the gauge group is enhanced to U(N) x U(N) when the branes are at the
orbifold.
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Solution: In this new basis, we require the CP matrices to satisfy
\ = AMoA3 | 100 A1 A3 1 0| [ M =X
Tl x| |0 -1 A Ao 0 =1 | | =X X |’
so we need A = diag(A1, A2). This form is clearly left invariant by the block diagonal

U = diag(Uy,Usz) as in the problem. (Incidentally, this also leaves g invariant in this
basis.)

(d) Finally, suppose that we have branes at the orbifold fixed point and take yg = diag(1n+ar, —1n).
Repeat the argument of part (c) to show that the gauge group is U(N+ M) x U(N). These
extra M branes are called fractional branes because they have no image and cannot be
moved away from the orbifold plane.

Solution: The argument is identical to part (c¢), except that now Ay is (N+M)x(N+M),
Az is (N + M) x N, etc. Then U; € U(N + M) and Uz € U(N).
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